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Introduction 

Hopf algebras have important applications in mathematics and mathematical physics. 
Indeed, quasitriangular Hopf algebras gives rise to braided tensor categories through 
their categories of representations (see |ENOl |E0] ). Semisimple Hopf algebras and non- 
semisimple Hopf algebras are related to conformal field theories ( see |Gaj ). 

The classification of Hopf algebras is the main object in research of Hopf algebras. So 
far, much important results have been obtained in the classification of finite dimensional 
pointed Hopf algebras (see [A"5MEiMirAl^[A"S^ The classification of 

PM quiver Hopf algebras was completed by means of ramification system with characters 
(RSC in short ) in [ZZCj . The classification of RSC's over symmetric group § n with n^6 
was obtained in |Z WW] . Irreducible Hopf bimodules over a finite group were described 
in [DPRj. They correspond to pairs (O s ,p), where O s is a conjugacy class containing s in 
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G and p is an irreducible representation of the centralizer G s in G. This result has been 
reobtained and reproved several times; these data are used in a previous paper of Lusztig 
more or less in the same direction as in [DPR] . The relat ion between bi-one arrow Nichols 
algebras and V&(O s ,p), which is the Nichols algebra corresponding to pairs (O s ,p), was 
given in [ZZWG] . 

In this paper, quiver Hopf algebras, Nichols algebras over group algebras and pointed 
Hopf algebras of type one are classified by means of ramification system with irreducible 
representations (RSR in short ). As examples we classify RSR's over symmetric group S n 
with n 7^ 6. 

The quivers (see |A"RSl IGR021 IGR971 IZZl lOZ] Ri84 ) and the tensor algebras of Hopf 
bimodule (see [Nj|W]) have widely been applied in representation theory, Hopf algebras 
and quantum groups. We use the quivers to describe Yetter-Drinfeld /cG-modules, kG- 
Hopf bimodules, Nichols algebras in braided tensor category ^yD, pointed Hopf algebras 
of type one and quiver Hopf algebras in this paper. 

The main results in this paper are summarized in the following statement. 

Theorem 1. (Classification theorem) (i) Every Yetter-Drinfeld kG-module, (ii) ev- 
ery kG-Hopf bimodule, (iii) every Nichols algebra in braided tensor category ^iyD, (iv) 
every pointed Hopf algebra of type one with coradical kG and (v) every quiver Hopf al- 
gebra over G are, respectively, isomorphic to one of the following: (kQ\, ad(G, r, p , u)), 
(kQl, G, r, ~p, u), B(kQ\, ad(G, r, ~p, u)), kG[kQ\, G, r, ~~p, u], kQ c (G, r, ~p, u), kQ s (G, r, ~p , 
u), kG[kQi, G,r, ~p,u], kQ a (G,r,~p ,u), kQ sc (G,r,~p ,u), {kG)*[kQ a Xl G, r, ~p, u] . Fur- 
thermore, they are uniquely determined by RSR(G, r, p ,u) up to isomorphisms of RSR's. 

Indeed, (i) follows from Proposition ^. 4( i); (ii) follows from Proposition [L3l (iii) follows 
from Proposition 12.4( h) ; (iv) follows from Theorem [3j (v) follows from definition of quiver 
Hopf algebras in [ZZCl the argument after Theorem 2]. For the uniqueness, (i) and (iii) 
follow from Theorem IH (ii), (iv) and (v) follow from Theorem |2j 

Note that the isomorphism in (i) is about Yetter-Drinfeld fcG-modules; the isomor- 
phism in (ii) is about kG-Hopf bimodules; the isomorphism in (iii) is about graded braided 
Hopf algebras in ^yD; the isomorphism in (iv) and (v) are about graded Hopf algebras. 

Furthermore, for any fixed map uq from ]C(G) to G with uq{C) G C for any C G JC(G), 
if uq replaces u in the theorem above, then the theorem holds still but the isomorphisms 
in (i), (ii) and (iii) need change into graded pull-push isomorphisms. 

Preliminaries 

Throughout this paper we assume that G is a finite group and k is a field with char/c { | G | . 
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Let G denote the set of all isomorphic classes of irreducible representations of group 
G and Z s the centralizer of s in G. For h G G and an isomorphism <fi from G to G', define 
a map <ph from G to G 1 by sending x to (^(h^xh) for any x & G. deg(p) denotes the 
dimension of representation space of representation p. 

Let N and Z denote the sets of all non-negative integers and all integers, respectively 
For a set X, we denote by \X\ the number of elements in X. If X = @ ieI X(^ as vector 
spaces, then we denote by tj the natural injection from X(j) to X and by 7^ the correspond- 
ing projection from X to We will use \i to denote the multiplication of an algebra 
and use A to denote the comultiplication of a coalgebra. For a (left or right) module and 
a (left or right) comodule, denote by a~ , a + , 5~ and S + the left module, right module, 
left comodule and right comodule structure maps, respectively. The Sweedler's sigma 
notations for coalgebras and comodules are A(x) = J2 x (i) ® x (2), 8~( x ) — ^2 x (-i) ® x (o), 

s+ ( x ) = J2 x {o) ® x (i)- 

A quiver Q = (Qo,Qi, s,t) is an oriented graph, where Q and Q\ are the sets of 
vertices and arrows, respectively; s and t are two maps from Qi to Q . For any arrow 
a G Qi, s(a) and t(a) are called its start vertex and end vertex, respectively, and a is 
called an arrow from s(a) to t(a). For any n > 0, an n-path or a path of length n in the 
quiver Q is an ordered sequence of arrows p = a n a n -\ ■ • • a\ with t(a«) = s(a i+ i) for all 
1 < % < n — 1. Note that a 0-path is exactly a vertex and a 1-path is exactly an arrow. In 
this case, we define s(p) = s(a 1 ), the start vertex of p, and t(p) = t(a n ), the end vertex of 
p. For a 0-path x, we have s(x) = t(x) = x. Let Q n be the set of n-paths. Let y Q x n denote 
the set of all n-paths from x to y, x, y G Qq. That is, y Q x n = {p G Q n \ s(p) = x, t(p) = y}. 

A quiver Q is finite if Q and Q 1 are finite sets. A quiver Q is locally finite if y Qf is a 
finite set for any x, y G Qo- 

Let G be a group. Let JC(G) denote the set of conjugate classes in G. A formal sum 
r = Xlcex;(G) r cC of conjugate classes of G with cardinal number coefficients is called a 
ramification (or ramification data ) of G, i.e. for any C G JC(G), rc is a cardinal number. 
In particular, a formal sum r = Xlcex;(G) r cC °f conjugate classes of G with non-negative 
integer coefficients is a ramification of G. 

For any ramification r and a C G /C(G), since rc is a cardinal number, we can choice a 
set ic( r ) such that its cardinal number is rc without loss generality. Let JC r (G) := {C G 
K.{G) | r c 7^ 0} = {C G /C(G) | /c( r ) 7^ 0}- If there exists a ramification r of G such that 
the cardinal number of V Q\ is equal to r c for any x,y e G with a; -1 ?/ G C G K,(G), then 
Q is called a i7op/ quiver with respect to the ramification data r. In this case, there is a 
bijection from Ic{r) to y Qf, and hence we write y Qf = {a,y} x \ i G Ic( r )} for any x,y G G 
with G C G K{G). Denote by (Q, G,r) the Hopf quiver of G with respect to r. 

If <j) : A — > A' is an algebra homomorphism and (M , a - ) is a left A'-module, then 



3 



M becomes a left ^-module with the A-action given by a ■ x = (p(a) ■ x for any a G A, 
x E M, called a pullback A-module through (f>, written as ^M. Dually, if <fi : C — > C is a 
coalgebra homomorphism and (M, 5~) is a left C-comodule, then M is a left C"-comodule 
with the C"-comodule structure given by 8'~ := (0®id)<5 _ , called a push-out C'-comodule 
through (j), written as ^M. 

If B is a Hopf algebra and M is a fi-Hopf bimodule, then we say that (B, M) is a 
Hopf bimodules. For any two Hopf bimodules (B, M) and (B', M'), if is a Hopf algebra 
homomorphism from B to B' and if) is simultaneously a 5-bimodule homomorphism from 
M to tfrM'tj, and a S'-bicomodule homomorphism from ^M* to M', then (cp, ifj) is called 
a pull-push Hopf bimodule homomorphism. If if) is a bijection, then we say that (<p, if>) 
is a a pull-push Hopf bimodule isomorphism, written as (B, M) = (B', M') as pull-push 
Hopf bimodules. In particular, if B — B' we also write M = M' as pull-push S-Hopf 
bimodules, in short. Similarly, we say that (B,M) and (B,X) are a Yetter-Drinfeld 
module and a Yetter-Drinfeld Hopf algebra if M is a Yetter-Drinfeld 5-module and X 
is a braided Hopf algebra in Yetter-Drinfeld category f^-D, respectively. For any two 
Yetter-Drinfeld modules (B, M) and (B', M'), if is a Hopf algebra homomorphism from 
B to B', and if) is simultaneously a left 5-module homomorphism from M to ^M' and a 
left -B'-comodule homomorphism from to M', then (0, if>) is called a pull-push Yetter- 
Drinfeld module homomorphism. For any two Yetter-Drinfeld Hopf algebra (B, X) and 
(B',X'), if is a Hopf algebra homomorphism from B to S', if> is simultaneously a left 
S-module homomorphism from X to ^X' and a left i?'-comodule homomorphism from 
^X to X', meantime, ip also is algebra and coalgebra homomorphism from X to X', then 
(0, ^) is called a pull-push Yetter-Drinfeld Hopf algebra homomorphism (see [ZZCj the 
remark after Th.4]). 

Let A be an algebra and M be an A-bimodule. Then the tensor algebra Ta(M) of M 
over A is a graded algebra with T A (M) (0) = A, T A (M) (1) = M and T A (M) (n) = ® n A M for 
n > I. That is, T A (M) = A © (0 n>o ®^M) (see (Nj). Let D be another algebra. If /i is 
an algebra map from A to D and / is an A-bimodule map from M to D = hDh, then 
by the universal property of T A (M) (see [NJ Proposition 1.4.1]) there is a unique algebra 
map T A (h, f) : T A (M) — > D such that T A (h, f)t — h and T A (h, f)i\ = f. One can easily 
see that T A (h, /) = /i + Yln>o ^ n ~ lr ^ri{f) ■ For the details, the reader is directed to [N] 
Section 1.4] or |ZZCj . Dually, let C be a coalgebra and let M be a C-bicomodule. Then 
the cotensor coalgebra Tf^(M) of M over C is a graded coalgebra with T£(M)(o) = C, 
7^(M)(i) = M and T£(M) {n) = U n c M for n > 1. That is, T^(M) = C © (0„ >o DgM) 
(see (N] or [ZZC] ). If B is a Hopf algebra and M is a i?-Hopf bimodule, then both Tb(M) 
and Tg(M) are graded Hopf algebras. Furthermore, subagebra generated by H and M 
in TJj(M), written as H[M], is a Hopf subalgebra of T|j(M) and i/[M] is called a Hopf 
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algebra of type one. 



1 Classification of Quiver Hopf Algebras 

Definition 1.1. (G,r, p ,u) is called a ramification system with irreducible repre- 
sentations (or RSR in short ), if r is a ramification of G; u is a map from K,{G) 
to G with u{C) G C for any C G JC(G); Ic(r,u) and Jc(i) are sets with \ Jc{i) \ 
= deg(p^) and I c (r) = {(i,j) | % G I c (r,u),j G J c (i)} for any C G IC r {G), i G 
I c (r,u); ~p = {pc} ie i c (r,u),c&Cr(G) e UceK r (G)( Z u(C)) lIc{r ' u)l with pg } G Z u{c) for any 
% g I c (r,u),C e K r {G). 

RSR(G, r, p ,u) and RSR(G', r', p' , u') are said to be isomorphic if the following con- 
ditions are satisfied: 

• There exists a group isomorphism : G — > G' . 

• For any C G JC(G), there exists an element he G G such that (p(h c l u{C)hc) = 
u'^C))- 

• For any C G K, r {G), there exists a bijective map <pc '■ Ic( r ,u) — > I<j,(c)(r', u') such 
that p§ = p'^0^ 4>h c as representations of kZ u ( C ) f° r all i G Ic(r,u), where <ph c {h) = 
4>{h^}hhc) for any h G G. 

Remark. Assume that G = G', r = r', u(C) = u'(C) and Ic(r,u) = Ic(r',u') for 
any C G K r {G). If there is a permutation <p c on I c (r,u) for any C G K, r {G) such that 
p /0Mi)) ^ p g) for all i e u ^ then obviously RSR(G, r, ~p, u) RSR(G, r, 7, «)■ 

Example 1.2. Assume that k is a complex field and G = §3, then there are 3 ele- 
ments in K(G), which are {{!)}, {(12), (13), (23)}, {(123), (132)}, and there are 3 non- 
isomorphic irreducible representations, which are two 1 dimensional irreducible represen- 
tations e and sgn; one 2 dimensional irreducible representation p. Obviously Z u ({i}) — G. 
The set {RSR(G, r, p, u) \ ~p = p,(sgn,sgn),(e,sgn),(sgn,e),(e,e)} is all RSR's with 
r = r c r and C = {(1)}. The set {RSR(G, r, p ,u) \ p — p, (sgn, sgn), (e, sgn), (e, e)} is 
all representatives of isomorphic classes of RSR's with r = rcr and C = {(1)}. Further- 
more, when ~~p = p, we can set Ic{r,u) = {1} and Jc(l) — {!}■ In this case Pq = p. 
When p = (e,sgn), we can set Ic(r,u) = {1,2} and Jc(l) = </c(2) = {1}- In this case 

(1) (2) 

Pc = e > Pc = s 9 n - 
Let 

G = |J Z u(c) g e , (1.1) 
eee c 

where 9c is an index set, be a coset decomposition of Z u (p) in G. It is easy to check that 
1 6c I = \C\. We always assume that the representative element of the coset Z U ( C ) is the 
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identity 1 of G. For any h G G and 6 G 6c, there exist unique h! G Z u (c) and 6' G 0c* 
such that ggh = h! g$i. Let Ce^) = h'. Then we have 

g e h = Co(h)go'. (1.2) 

Proposition 1.3. If N is a kG-Hopf bimodule, then there exist a Hopf quiver (Q, G, r), 
an RSR(G, r, p , w) and a kG-Hopf bimodule (kQl, a~ , a + ) 

<> (>» ";;:/ ; ): 4iL <>'K:r *o = £ ^r^Sl ( L3 ) 

/or some k^' 1 ^ G /c snc/i that N = (kQl, a~ , a + ) as kG-Hopf bimodules, where x,y,h G G 
with x^y = g 9 l u(C)g e , ( 9 is given by \ZZCA (0.3)], C G K r (G), i G I c (r,u), j G J c (i), 

X C S,<H' l J — l^sEJcii) ^C,h X C ■ 

Proof. Since N is a &G-Hopf bimodule, there exists an object l~IceK:(G) M(C) 

in Y\c^k,(G) ■^■ kZ u(o sucn ^hat M(C) is a &Z u (c)-module for any C G /C(G) and iV = 
® y =x 9 ^u(c) 9e , *,y£G x ® M (C) ®^u ( c) ^ as ^-Hopf bimodules by [CR97| or (ZZDl Th. 
1]. Let r = E Ceyc(G) r c C with r c = dimM(C) for any C G K(G). Notice that dimM(C) 
denotes the cardinal number of a basis of M(C) when M(C) is infinite dimensional. Since 
M(C) is a A;Z ?t ( C <)-module and kZ u ( C ) is semisimple, there exists a family of irreducible 
representations {(Xq\ p^) I * Ic( r , u )} such that M(C) = ®j e / c ( ru )(^c\ Pc)- Let 
| j G Jc(*)} be a k-basis of Xq for any % G Ic(r,u). Then for any /i 6 G there 
are some & c ^' s ' ) G & such that Xq ■ (e(h) = Y^stJctt) ^ch^^c^ f° r an * e Ic( r , u ) and 
JG J c (i) since x% j) ■ ( e (h) G X<?. 

It remains to show that (A;Qi, a - , a + ) is isomorphic to ® y=xg -^c)g g , x, y ec x ® M (C)®kz u{C) 
ge as A;G-Hopf bimodules. Observe that there is a canonical &G-bicomodule isomorphism 
(p : kQ l -> ra -i„( C ) ge , ^eG x ® M ( C ') ®fc^(o 3e S iven b y 

^(a^)) = x®xg j) ® fcZtl(C) o e (1.4) 
where x,y E G with x^ 1 ?/ = g e ~ 1 u(C)ge, C G K r (G) , z G Ic(r,u) and j G Jc( r )- See 

= h-(x® x% j) ® hZ g e ) (see [ZZC] (1.2)]) 



u(C) 

i/.X ) • 
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Thus ip is a left /cG-module isomorphism. See 

® h) = xh® x { c j) ■ ( (h) ® g e » 

= xh®(j2 4t ) 4' s) )®ge>) 

seJc(*) 

= ^(a + (aW)0/»)) (bydH). 

Consequently, is a A;G-Hopf bimodule isomorphism. □ 

Let (kQi, G, r, ~~p , u) denote the fcG-Hopf bimodule (kQi, a", a + ) given in Proposition 
11.31 Furthermore, if (kQi, kQi) is an arrow dual pairing, i.e. kQi is isomorphic to the 
dual of kQi as fcG-Hopf bimodules or kQi is isomorphic to the dual of kQi as (kG)*- 
Hopf bimodules under the isomorphisms in |ZZCl Lemma 1.7] (cf |ZZC[ the argument 
before Def. 1.8]), then we denote the (fcG)*-Hopf bimodule kQi by (kQf,G,r,~p ,u). 
We obtain six quiver Hopf algebras kQ c (G, r, ~~p , u), kQ s (G, r, ~p , u), kG[kQ1, G, r, p , u], 
kQ a (G,r,~p ,u), kQ sc (G,r,~p ,u), (kG)*[kQ®,G,r, p , u], called the quiver Hopf algebras 
determined by RSR(G, r, p ,u). 

From Proposition 11.31 it seems that the right /cG-action on (kQ1,G,r, ~~p ,u) depends 
on the choice of the set {gg \ 9 E 0c} of coset representatives of Z U ^ C ) in G (see, (11.11) or 
|ZZCl (0.1)]). The following lemma shows that (kQ1,G,r, p ,u) is, in fact, independent 
of the choice of the coset representative set {gg \ 6 E ©c}? up to kG- Hopf bimodule 
isomorphisms. For a while, we write (kQ1,G,r, p ,u) = (kQ1,G,r,p,u,{gg}) given 
before. Now let {h e E G \ 6 E @c} be another coset representative set of Z u (p) in G for 
any C E K.(G). That is, 

G= |J Z u{c) h e . (1.5) 
eee c 

Lemma 1.4. With the above notations, (kQ1,G,r, p ,u, {gg}) and (kQ1,G,r, p , it, 
{hg}) are isomorphic kG-Hopf bimodules. 

Proof. We may assume Z u {c)hg = Z u {c)gg for any C E /C(G) and 9 E ©c- 
Then gghj 1 E Z u (p). Now let x,y,h E G with x^y = g e ' 1 u(C)gg. Then x~ x y = 
hg 1 {ggh e 1 y l u(C)(g e h~ e 1 )hg = h^u^hg and 

hgh = (hgg-^ggh = {h e g^)C,e{h)g e > = (hgg e l )C,g(h)(gg,h^)hg, , (1.6) 

where ggh = Qg(h)g e ,. 

For any C E /C(G), let M(C) be a right kZ u{c) -modu\e. Let N := ® y = xg -i u{C ) 9s , x, v eG x ® 
M{C) ® kZu{C) g e and M := ® y=xh -i u{c)hf)i x>yeG x ® M(G) ® kZu(C) h e be two /cG-Hopf bi- 
modules. It is sufficient to show N = M as fcG-Hopf bimodules by the proof of Proposition 

o 
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Considering x <8> w ®kz u(C) ge = x®w ■ geh ®hz u , C) hg, we have that / : iV — > M given 

by 

f(x ® w ®kz u{c) ge) =x®w- gehg 1 ®kz u{C) h e 

for any w E M(C), any x,y E G with x~ l y = gg 1 u( y C)gg, C E K r (G) and i E Ic(r,u), 
is a /c-linear isomorphism. It is clear that / is a fcG-bicomodule isomorphism and a left 
/cG-module isomorphism from iV to M. See 

(f(x® x ( c' j) ®kz u{C) ge)) - h 
= (x ® (x { $ 3) )p§(goh 9 ~ l ) ®kz u{c) h e ) ■ h 
= xh ® (G^PcW^ 1 ) ® k z u(C) h e > (by (US])) 

= /((a:® ®fcz u(C) £te) • ^), 

for any x,y,hEG,iE Ic(r,u), j E Jc{i), C E K r (G) with = g 9 ~ 1 u(C)gg. Thus / is 
a right /cG-module homomorphism. □ 

Now we state one of our main result, which classifies quiver Hopf algebras. 

Theorem 2. Let (G,r,~p,u) and (G',r r , p' ,u') be two RSR's. Then the following 
statements are equivalent: 

(i) RSR(G,r, ~p,u) ^ RSR(G', r', 7, u'). 

(ii) There exists a Hopf algebra isomorphism <fi : kG — ► A;G" snc/i £/ia£ (fcQi, G, r, 7?, m) = 
t ((kQ' x c , G', r', p' , u'))^ as kG-Hopf bimodules. 

(iii) kQ c (G, r, y, u) = kQ' c (G, r, u). 

(iv) kQ s {G,r,-p*,u) S kQ' s (G', r', ~p', u'). 

(v) fcG[fcgf,G,r,y,w] S fcG'[fcgi c ,G',r',"p',M']. 

Furthermore, if Q is finite, then the above are equivalent to the following: 

(vi) kQ a (G,r,^,u) =kQ> a (G',r',-p*',u>). 

(vii) kQ sc (G,r,~p,u) kQ rsc (G',r r , ~p',u'). 

(viii) (fcG)*[fcQ?,G,r,~p,w] = (fcG')*[*;Qi a , G', r', "p 7 , it']. iVotzce i/mi £/ie zsomor- 
phisms above are ones of graded Hopf algebras but (i) (ii). 

Proof. By [ZZCJ Lemma 1.5, Lemma 1.6], we only have to prove (i) <S=> (ii). 

(i) =■> (ii). Assume that RSR(G, r, ~p, u) = RSR(G', r', 7, «')• Let ( x c > Pc) and 
'c"^> P'c"^) be irreducible representations over Z^c) and Z u >( C ')i respectively. Then there 
exist a group isomorphism <p : G — > G', an element he E G such that (j)(h^, 1 u(C)hc) = 
u'(4>(C)) for any C G /C(G) and a bijective map 0c* : Ic( r ,u) — > I^c)(r',u') such that 

(xf i (X'^p'ggf^J as right fcZ n(c) -modules for all < G / (r,u). 

Now let G = U ee e c as in §U§ or [ZZCl (0.1)] for any C E K{G). Let x,y, h E 

G with x~ x y = gQ 1 u(C)gg, C E K r {G) and 9 E 0c- Assume that ggh^ 1 = (eft^^g^, 



8 



geh = (e{h)ge>, g^hchhj) = C^cMc? 1 )^ and ge'hj = C,B'{h c l )ge" with ^{hj), Ce{h), 
(^(hchh^ 1 ), Ce'ih^ 1 ) G Z U ( C ) an d r),8',r}',9" G 6c- Then we have 

gghhc 1 = Ceifyge'hc 1 = (e(h)(e>(hc l )g e „ (1.7) 

and 

gehhc 1 = (geh^ihchhc 1 ) = (eihc^g^hchhc 1 ) = C^c^GjCfoMc^W- ( L8 ) 
It follows that 

0" = */ and Co(h)(y(hc 1 ) = Mhc 1 )Cv(hchhc 1 ). (1.9) 

Moreover, we have (xh)~ 1 (yh) = h~ 1 g e 1 u(C)geh = g^ u(C)gQi and <7# = geh^ he = 
(eihc^gqhc- Thus 

0(x) -1 ^(y) = (K^- 1 ?/) = fiig^uityge) = (p{h^ l g- l u{C)g v h c ) 
= <f>(hc 1 9v lh o)<f>(hc 1 u(C)h )(f>(hc 1 g ri hc) 
= <l>(hc\hc)- 1 u'{<j>{C))<l>(hc 1 g v hc). 



We also have 



0(/i c 1 g v hc)<f>{h) = <f>[h c 1 g ri hchh c x hc) 

= <t>{hc l (n( h chhc l )g nl h c ) 

= tthcXihchhc^hcMhJgrfhc). (1.10) 

Since 

thoMcKxhrWyh) = ^(Uhchh^y'iCeihc^uiQgoh) (byOD 

= «'(0(c))<M<v) (byOD. 

(j>{xh)- l (j){yh) = thoM-^'MCMhoM- (l.H) 

It is clear 

G"= |J Z^wMh^gohc)) (1.12) 

is a coset decomposition of Z u >^c)) in C' for any 0(C) G JC(G'). 
Let 

iV: = x ® JV(C) ® Wu(0) 5fl and 

y=x9e 1 u(C)g B , x,y£G 

M:= 0(x) ® M(0(C)) ® fc z u , ( , (c)) ^(ft,) 

<t>(y)= r t>( x )4>h c (gv 1 ) u '('P( c )<i > h c {gr,)> x,yeG 
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with N(C) := ie/c(riU) X# and M(0(C)) := ® ieIc{r , u) X'^f\ It is suffices to show 
N = ^ as fcG-Hopf bimodules by the proof of Proposition II. 31 

Considering x <g> (w) p^) ((Ce(h^)y 1 ) ®kz u{C) 9e = x ® w ®kz u{c) 9 v h c , we have that 
-0 : N — > M given by 

tfj(x ® Hp^dQihc 1 ))- 1 ) ® kZu(C) g e ) = (j>{x) ® 

for any x, y G G with x -1 ?/ = g f) 1 u(C)gg, and z G Ic(r,u), w G -X^, where C G K. r (G) 
and ^e^c- 1 = (d(hc )9v with Ce^c* 1 ) G ^u(C) an d 9>V £ @c> is a ^-linear isomorphism. It 
is clear that ^ is a homomorphism not only of &;G-bicomodules from N to ^ 1 1 but 
also of left &G-modules from iV to ^M. 
For any h £ G and u; G -X^ , see 

^((x ® {w)p ( §{{Ce{hc 1 ))- 1 ) ® kZu{C) 9e) ■ h) 
= ^j((xh <g> (^^((C^c )) -1 C*(>0) ® fc z u(C) ^) 

= ® ^(HpgCCCe^c 1 ))" 1 ^^)^^ 1 ))) ®*z umc)) 4>hoM ( by dm])) 

( by Def. OP 



and 

= (0(x) <g> eg } (tw) ®*z,,, W(0)) <M^)) • 4(h) 

= <f>(x)<f>(h) ® ^(wVp^UhoiUhahhc 1 )) ®kz u , wc)} <M<V) ( by flEED) 

= 0(x)0(/ i ) ® (eg ) (^))/>gcf ) Wcc^ 1 ))- 1 ^)^ 1 ))) ®^v(c) ^ W 

(by (HD), 

which show that ip is a right /cG-module homomorphism. 

(ii) =>- (i). Assume that there exist a Hopf algebra isomorphism <ft : A;G — > /cG' and a 
/cG-Hopf bimodule isomorphism ip : (A;Qi, G, r, ~p ,u) — > ^ (kQ[ c , G', r', ~~p', u')t . Then 
: G -> G' is a group isomorphism. Let G G /C(G). Then (f)(u(C)), u'{(j){C)) G 0(G) G 
K(G% and hence u'{<j){C)) = 4){h c )~ l 4{u{C))(j)(hc) = ^h^u^hc) for some h c G G. 
Since ^ is a /cG'-bicomodule isomorphism from ^(kQ^, G, r, p , u)^ to (kQ[ c , G', r', ~~p', v!) 
and (j)(h^ 1 u(C)hc) = u'((j)(C)), by restriction one gets a fc-linear isomorphism 
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We also have a £;-linear isomorphism 

fc- u{C \kQif -> ^^(kQi) 1 , x^h^-x-hc- 

Since 4>{h c l u(C)h c ) = u'((f)(C)) and h^Z^hc = Z h -i u{c)hc , one gets 4>(K^- Z u{c) h c ) = 
Z u '{<j)(c))- Hence <p hc is an algebra isomorphism from kZ u ( C ) to kZ u i^ C )) by sending 
/i to (pih^ 1 hhc) ■ Using the hypothesis that ip is a fcG-bimodules homomorphism from 
(fcQi, G, r, 7?, u) to ^(kQ'^, G', r', p', u')^, one can easily check that the composition v/jcfc 
is a right fcZ M ( C )-module isomorphism from (^^(kQi) 1 , <) to (("'^^(fcQi) 1 )^ , <)■ In- 
deed, For any z e u ( c ) (&Q1) 1 , see 

i/>cfc(z) < <Ph c (h) = ^c{z < /ic) < ^c(^) 

= V'cKz < hc4>h c (h)) (since ^ is a bimodule homomorphism) 

= V'c/cfc < h). 

Obviously, both u{ ^ c \kQi) 1 and { u '^ c \kQ'- l ) 1 )^ hc are semisimple right A;Z n ( C )-modules. 
Assume ^(kQ^ 1 = @ ie i c {r,u)(Xc , Pc) as right fcZ M(c) -modules and u '^\kQ[y 

^JZ^iC) (r',u) (X 

'0(C)' ^(C)) as ri S ht ^^n'(</>(c))-modules, where is an irreducible 

right fcZ M ( C .)-module for any i G Ic( r , u) and (X'^^, p'^q) * s an irreducible right kZ u /^ C ))- 
module for any j G I<j,(c)(r' , u') . Therefore, there exists a bijective map (pc '■ Ic( r , u ) —> 
I H c)(r',u>) such that (X$ , p$) = (X'%°f\p i * c f ) (f>h c ) as right kZ u(c) - modules for all 
i G J c (r, u). It follows that RSR(G, r, p, m) = RSR(G", r', 7, «')■ D 

Up to now we have classified the quiver Hopf algebras by means of RSR's. In other 
words, ramification systems with irreducible representations uniquely determine their cor- 
responding quiver Hopf algebras up to graded Hopf algebra isomorphisms. 

Proposition 1.5. Let RSR(G, r, ~~p, u) and RSR(G, r, 7 , «') be two RSR's. Ifu'{C) = 
h c 1 u(C)hc and p c ^ = p'^ad^ with Ic(r, u) = Ic(r, u') for any C G K r {G), i G Ic( r , u ), 
where h c G G and ad^ c (g) = h c x ghc, then RSR(G, r, ~~p, u) = RSR(G, r, p' , u'). 

Proof. Let (ft = id G and <fic = idi c (.r,u) for any C G K r (G). It is clear that RSR(G, r, ~~p, u) 
RSR(G,r,7,0- D 

Remark: This proposition means that the choice of map u doesn't affect the clas- 
sification of RSR's. That is, if we fix a map u from JC(G) to G with u (C) G C for 
any C G K,(G), then for any RSR(G, r, it), there exists RSR(G, r, p' ,uq) such that 
RSR(G, r, ~p , n) = RSR(G, r, 7, «o)- 
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2 The classification of pointed Hopf algebras of type 
one 

A graded Hopf algebra A = ®™ =0 Ar n ) is called to be of Nichols type, if diagram of A is a 
Nichols algebra over A( ) (the definition of diagram was in [AS98] and |ZZC] Subsection 
3.1]). Furthermore, if the coradical of A is a group algebra, then A is called a pointed 
Hopf algebra of Nichols type. 

For an RSR(G, r, ~~p, u) and a fcG-Hopf bimodule (kQl,G,r,~p ,u) with the module 
operations a~ and a + , define a new left fcG-action on kQi by 

g > x := g ■ x ■ g^ 1 , g G G,x G kQ\, 

where g-x = a~(g®x) and x-g = a + (x®g) for any g G G and x G fcQi. With this left kG- 
action and the original left (arrow) /cG-coaction 5~, kQi is a Yetter-Drinfeld kG- module. 
Let Q\ := {aeQi\ s(a) = 1}, the set of all arrows with starting vertex 1. It is clear that 
kQ\ is a Yetter-Drinfeld /cG-submodule of kQi, denoted by (kQ\, ad(G, r, ~~p, u)). 

Lemma 2.1. (i) If H is a Hopf algebra with bijective antipode and (B,a^,S^) is a 
graded braided Hopf algebra in ^yD with = kl B , then di&g(B#H) = B#1 H = B as 
graded braided Hopf algebras in ^yD. 

(ii) A is a pointed Hopf algebra of Nichols type if and only if A is isomorphic to 
biproduct B{V)j^kG with Nichols algebra B(V) over group agebra kG, A(o) = kG and 
V = A (l) . 

Proof, (i) Obviously, di&g(B#H) = B <g> 1#. Define a map tp from di&g(B#H) to B 
by sending x ® 1h to x for any x G B. It is easy to check that i/j is a graded braided Hopf 
algebra isomorphism in ^yD. 

(ii) If A is a pointed Hopf algebra of Nichols type, then diag(A) = B(V) is a Nichols 
algebra in l^yD and the coradical of A is group algebra kG. Therefore A = B(V)#kG 
as graded Hopf algebras. By [AS981 Lemma 2.5], Acq) = kG and A^ = V. 

Conversely, clearly, diag(B(V)#fcG) = {B{V)#kG) cokG = B(V)#1 = B{V) by (i) and 
the coradical of B{V)#kG is {B{V)#kG) {0) = kG. □ 

Lemma 2.2. If H = kG is a group algebra and M is an H-Hopf bimodule, then pointed 
Hopf algebra H[M] of type one is a Hopf algebra of Nichols type. In particular, one-type- 
co-path Hopf algebra kG[kQl,G,r,^ ,u] is a pointed Hopf algebra of Nichols type and 
diag(kG[kQl, G, r, ~~p, u}) = B(kQ\, ad(G, r, ~~p , u)). 

Proof. By Proposition ll.3l there exists an RSR(G, r p , u) such that M = (kQi, G, r p , u) 
as fcG-Hopf bimodules. Thus kG[M] = kG[kQl] as graded Hopf algebras by |ZZC, 
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Lemma 1.6]. Therefore, it is enough to show that kG[kQl] is of Nichols type. Let 
A := kG[kQ1] and R := dia.g(kG[kQl}) . Obviously, i?( ) = k. Now we show = kQ\. 
Obviously, kQ\ C R {1) . Let a = J2p=i k P bip) e %b where 

is an arrow from 

to y& with ^ k p e k, and &W,&( 2 ),--- , M n > are different each other. Therefore 
£j=i ® 1 = Ep=i M (p) ® xP i which implies = 1 for 1 < p < n. Thus a G 
We next show that R is generated by Rm as algebras. Let \i denote the multiplication 
and let B denote the algebra generated by kQ\ in kG[kQl). Obviously, B C R. It follows 
from argument in [ZZCl Subsection 3.1] that a + := fj,{id<S)io) is an algebraic isomorphism 
from Rj^kG to kG[kQf\. For any x,y £ G and any arrow from x to y, see 

a yia; = x ■ a x -i y>1 = (i(x® a x -i y>1 ) = /j,(a + (l#x) ® a + (a x -i y>1 #l)) 

= a + (^((l#x) <g> (a a! -i 1 , ) i#l))) = > a x -i yj i#x) G a + (B#kG). 

Therefore a + (B#kG) = a + {R#kG) and so B = R. 

It is enough to show -P(-R) = fcQj, where P(R) denotes the set of all primitive elements 
in R. For any a G Q\ with 5~(a) = y and 5 + (a) = 1, see Ajj(a) = (u ® id)Ayi(a) = 
l®a+a<g)l (see [ZZC, Section 3] or |Ra] ) . i.e. kQ\ C P(R), where a; = fiA{id® lq'KqS)&.a_. 

Conversely, we shall show C fcQj by the following two steps. Obviously, kG fl 

P(R) = and P(R) is a graded subspace of R. 

(i) Assume that a = a XnXn _^a Xn _^ Xn _ 2 ■ ■ ■ a XlXo is a path from vertex Xq, via arrows 
a XlXo , • • ■ , a Xn _ lXn _ 2 , a x „ Xn _ i; to vertex x n . Then u(a) = a ■ x 1 . 

(ii) Let v = Y^=iK a p G where a p = b x P lx n - 1 oil_ 1 x n -- 2 • • -6^0 is a path with 
n > 1, A; p G A; for p = 1, 2, ■ ■ • , m, and b x P j Xj _ 1 is an arrow from vertex to vertex Xj 
for j = 1, 2, • • ■ , n. We shall show that k p = for p = 1, 2, • • ■ , m. Indeed, 

m n 

p=l j=0 
m 

= k p (a p ® 1 + 1 <g> Op). 
p=i 

This implies 

m 

p=l 

for j = 1,2,-- - ,n — 1, because of their length. For any j with 1 < j < n — 1, assume 
that {p | b ( i^ Xj _ 1 b^_ lXj _ 2 ■ ■ ■ b^ XQ = " " " ^lU} = {1,2,-- - ,mi} without loss 

generality. Therefore, by ( 12. lft . 

rrti 

^p(^X n _i^i^_lX n _2 ' ' ' ^+l£Cj) ' ( X j ) ® ^X 3 -_1^^_1X^_2 ' ' ' ~~ 0, 

p=l 
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since b Xj > Xj _ 1 b Xj '_ lXj _ 2 ■ ■ ■ b x % ^ b x - Xj ^b x -_ lXj _ 2 ■ ■ ■ b xi x for g = mi + 1, • • • ,m. This implies 
J2™=i k p b x } Xn _ 1 b x p }_ 1Xn _ 2 ■ ■ ■ b x p - +lXj = and k p = for p = 1, 2, • • • , m\. Similarly, we can 
show k p = for p = mi + 1, ■ ■ • , m. □ 

By |BDt Theorem 4.3.2], the category ^yD of Yetter-Drinfeld modules is equivalent to 
the category %Mh of H-Hopf bimodule, where if is a Hopf algebra with bijective antipode. 
Let T and U be the two corresponding functors. For any iV G^ yD, according to [BD, 
Prop. 4. 2.1], T(N) := N x H = N <g> H as vector spaces, and the actions and coactions are 
given as follows: the left (co) actions are diagonal and right (co) actions are induced by H. 
Explicitly, g- (x®h) := g-x®gh, (x®h)- g = x®hg, S^ y}H (x®h) := J2 X £(-i)^®Z(o) ®h] 
8^i^ H (x <g> h) := x (g> h ® h, where 5^(x) = J2 x x (-i) ® x (o)> x E N,h,g E H. For any 
M e§Mn, according to [BDl Equ. (7) and (21)], U(M) is the coinvariant of M as a 
vector space, i.e., U(M) := M coH := {x E M \ 5^(x) = x <g> 1}. The left action is left 
adjoint action and the left coaction is the restricted coaction of the original coaction of 
M. That is, 

a u(M)(h ® x ) = h ^ad x '■= a tt( a M(h ® x) ® h^ 1 ) — (h ■ x) ■ h~ l 

and 5~, M) {x) = 8m(x) for any h E H,x E J7(M). In fact, TU(M) = U(M) x H and 
UT(N) = N (g> 1#. Let A^r be a map from Af £g> 1# to iV by sending x (g) 1# to x for any 
x G N, and let z/m be a map from {/ (M) x H to M by sending x®hto aj 1 (x ®h) = x ■ h 
for any x G U(M) and h E H. X and z/ are the natural isomorphisms from functor UT to 
z'd and from functor TU to z'd, respectively. Note that the inverse of i>m is ip^M ® id)(id<8) 
S ®id){5^®id)8l I . 

Remark: We have U(kQ\, G, r, p , u) = (kQ\, ad(G, r, ~p , u)) by the proof of Lemma 

E2 

Lemma 2.3. Assume that is a Hopf algebra isomorphism from H to H'. Let N G 
%yD and M G flMf. Then 

T{% l N) = % l T(N)% 1 zn fMf and U^M*?) = ^V(M) zn f 

Proof. The first isomorphism is given by sending x®h to x®(j)(h) for any x E N, h E 
H; the second one is identity. □ 

Proposition 2.4. (i) If N is a Yetter-Drinfeld kG-module, then there exists an RSR(G, r, 
~~p , u) swc/i that N = (kQ\, ad(G, r, p , it)) as Yetter-Drinfeld kG -modules. 

(ii) If B(N) is a Nichols algebra in ^yD, then there exists an RSR(Cr, r, p , u) such 
that B(N) = B(kQ\, ad(G, r, p , u)) as graded braided Hopf algebras in ^yD. 

Proof, (i) Since T(N) is a fcG-Hopf bimodule, it follows from Proposition 11.31 that 
there exists an RSR(G, r, ~~p u) such that T(N) = (kQl, G, r, ~p u) as &G-Hopf bimodules. 
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Thus, N = UT(N) = U(kQ1,G,r,p,u) = (kQ\,ad(G,r,p,u)) as Yetter-Drinfeld kG- 
modules by [HQl Equ. (7) and (21)]. 

(ii) It follows from (i) and [AS021 Cor.2.3 ]. □ 

Lemma 2.5. Assume that (J) is a Hopf algebra isomorphism from H to H' . Let R and 
R' be graded braided Hopf algebras in ^yD and %yL) with R^ = kl^ and RL* = klw, 
respectively. If R and t R' are isomorphic as graded braided Hopf algebras in ^yD, then 
biproducts Rj^H = R'#H' as graded Hopf algebras. 

Proof. Let ip be a graded braided Hopf algebra isomorphism from R to t R' in 
^yD. Define a map v from Rj^H to R'#H' by sending x <8> h to ip(x) ® <p(h) for any 
x 6 R,h 6 H. It is easy to check that v is an isomorphism of graded Hopf algebras. □ 

Theorem 3. If A is a pointed Hopf algebra of Nichols type with coradical kG, a group 
algebra, then there exists a unique RSR(G, r, 7? ,u) , up to isomorphism, such that A = 
kG[kQi, G, r, p , u] as graded Hopf algebras. 

Proof. By Lemma [2.11 A = B(V)#kG as graded Hopf algebras. By Proposition 12.41 
(ii), there exists a RSR(G, r, ~~p, u) such that B(V) = B(kQ\, ad(G, r, ~~p, u)) as graded 
braided Hopf algebras in loV-D. Thus 

kG[kQl,G,r, ~p,u) = B(kQ\, ad(G, r, ~p, u))#kG (by Lemma [22]) 
S B{V)#kG (by Lemma E5D 
= A. 

The uniqueness follows from |ZZCj Theorem 3]. □ 

Considering Theorem [3] and Lemma 12.21 we have that A is a pointed Hopf algebra of 
Nichols type if and only if A is a pointed Hopf algebra of type one. 



3 Classification of Nichols Algebras 

Theorem 4. Let (G,r,~p ,u) and (G',r', p' ,u') be two RSR's. Then the following 
statements are equivalent: 

(i) RSR(G,r,~p,u) S RSR(G", r', 7, «')■ 

(ii) There exists a Hopf algebra isomorphism <fi : kG — > kG' such that (kQ\, ad(G, r, ~~p , u)) 
— t {kQ'x 1 ,ad(G / ,r',p l ,u')) as Yetter-Drinfeld kG -modules. 

(iii) There is a Hopf algebra isomorphism (j) : kG — > kG' such that B(kQ\,ad(G, r, p ,u)) 
= t B(kQ' 1 1 ,a 1 d(G',r', p' ,u')) as graded braided Hopf algebra in ^yD. 
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Proof, (i) =>- (ii). See 

^(kQWadiCr',^/,^)) = ^ U (kQ[ c , G' , r' \v!) ( by the remark before Lemma E3D 

= U^ikQ'fiG'yJiWf; 1 ) (byLemmaQ 
= U((kQl,G,r, ~p,u)) ( by Theorem [2D 
= (kQ{,ad(G,r,~p ,u)). 

(ii) (iii). By [ZZCl Lemma 2.7], B(kQ\, ad(G, r, ~p,u))^ B{f' {kQ[\ ad(G', r', 7, O)) 
= ^^(fcQi 1 , ad(G', r', 7, «')) as graded braided Hopf algebras in j^-D. 

(iii) (i). B(kQ{)#kG B^kQ'^kG' as graded Hopf algebras by Lemma EH 
Thus fcG[&Qf] S(fcQi)#fcG B(fcQi 1 )#jbG' = fcG'^Q'/] as graded Hopf algebras by 
Lemma 12. 21 Now (i) follows from Theorem [2j □ 

Up to now we have classified all Nichols algebras by means of RSR's. In other words, 
ramification systems with irreducible representations uniquely determine their correspond- 
ing Nichols algebras up to pull-push graded braided Hopf algebra isomorphisms. 



4 The classification of RSR over symmetric groups 

Let ad^ and ad^ denote the left and right adjoint actions, respectively. That is, ad^(x) := 
hxhr x for any x G G. Let 7c =\Z S \ when s G C G K.(G). AutG and InnG denote the 
automorphism group and inner automorphism group of G. 

Definition 4.1. Let RSR(G, r, ~p , u) and RSR(G", r', 7, u') be two RSR's. If there 
exists a bijective map <f>c from Ic(r,u) to Ic(r',u') such that p^ = p'^ c ^ for any 
i G Ic(r,u) and C G K r (G) with G = G' , r = r' and u = u' , then RSR(G, r, p , u) and 
RSR(G',r', p' ,u') are said to be of the same type. Furthermore, if let Z u (p) = {Cu(o) I * = 
1, 2, • • • , 7c} and n ( § := \ {j | p^ ^ Q 1 ^} \ for any C G /C r (G) and l<i< 7 n(C ) , 
then {(uq ,71q\ - • • , nQ C ^)}ceKr(G) is called the type of RSR(G, r, ~~p , u). 

Lemma 4.2. If AutG = InnG, for example, G = S n with n^6, then RSR(G, r, p , u) 
and RSR(G, r, p' , u) are isomorphic if and only if they have the same type. 

Proof. By [Zh82l Theorem 1.12.7] or |ZWW| Proposition 1.1 (ii)], AutG = InnG 
when G = § n with n=^6. 

Let RSR(G',r', p' ,u') denote RSR(G,r, p' ,u) with G = G', r = r' and u = u' for 
convenience. If RSR(G, r, p, u) and RSR(G, r, p' , u) have the same type, then there 
exists a bijective map 4>c from Ic(r,u) to I^c){ r ', u> ) such that p'^^ 1 '' = p§ for any 
i G Ic(r,u), C G /C r (G). Therefore they are isomorphic. 
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Conversely, if RSR(G, r, p , u) and RSR(G, r, p' ,u) are isomorphic, then there exist 
a (p G Aut(G), h c E G and a bijective map 0c : Ic(r,u) — > J^(c) (r', m') such that 



u'(0(C)) = 0ad+,(u(C)) and //Jfgj 05 0ad+ o £ pg } for any C G /C r (G) and i G ic(r,u). 



Since 0adt G AutG = InnG, there exists a. g c & G such that </>adt = adT _. Therefore 



u(C) = ad+ (u(C)) and ^ (4)) ad+ S pg } . That is, ^ G Z u{c) and X , g o(0) ad+ (fc) 
= 7S$°® ) (gc 1 h9c) = X^ c{t) \h) = X$(h) for any h G where X ^ c{l)) and X g> 

denote the characters of pl^ and , respectively. Consequently, x'c ^ — Xc anc ^ 
pfWcW) ^ xhis implies that RSR(G,r,~p ,u) and RSR(G, r, p' ,u) have the same 



For a given ramification r of G, let f2(G, r) be the set of all RSR's of G with the 
ramification r, namely, fl(G, r) := {(G, r, p , u) \ (G, r, ~p\ u) is an RSR}. Let Af(G, r) be 
the number of isomorphic classes in Q(G, r). 

Theorem 5. Given a group G and a ramification r of G. Assume AutG = InnG, for 
example, G = § n with n^6. Let uq be a fixed map from K.(G) — > G with uq{C) G C /or 
any C G K,{G). Let Q(G,r,u ) denote the set consisting of all elements with distinct type 
in {(G,r, p ,u ) | (G,r, p ,u ) is an RSR }. Then ti(G,r,u ) becomes the representative 
system of isomorphic classes in Q(G,r). 

Proof. For any RSR(G, r, ~~p , u), there exists RSR(G, r, p' , u ) such that RSR(G, r, ~~p, u) 
= RSR(G, r, p' ,uo) by Proposition 11.51 Using Lemma fl~2l we complete the proof. □ 

Corollary 4.3. 



where tq = the number of elements in set {(ni,n 2 , ■ ■ ■ , n lc ) G W c | 7i]deg£i + n 2 deg£ 2 + 
h n lc degi lc = r c } for any C G K r {G). 

Remark: For a given finite Hopf quiver (Q, G, r) over symmetric group G = §„ with 
n 7^ 6, every path algebra T(kG)*{kQi) over quiver (Q,G,r) exactly admits Af(G,r) non- 
isomorphic graded Hopf algebra structures; every path coalgebra Tg G (kQi) over quiver 
(Q,G,r) exactly admits J\f(G,r) non-isomorphic graded Hopf algebra structures. 

5 Appendix 

We now consider the dual case of Theorem HI If Q is finite, then (kQ1,G,r, p ,u) is 
a (&G)*-Hopf bimodule with comodule operations 5~ and 5 + . Define a new left (kG)*- 
coaction on kQ\ given by 



type. □ 



N{G,r) 



n ^ 



c&K r (G) 




for any x G A;Q 



X 
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i.e. adjoint coaction. With this left (&G)*-coaction and the original left (arrow) (kG)*- 
action a~, kQf is a Yetter-Drinfeld (fcC) "-module. Let kQ\ a denote the subspace spanned 
by Q\ in kQ\. It is clear that ^kQ\(kQ\) = (kQ\ a )*, where ^uqi was defined in |ZZC[ 
Lemma 1.7]. Thus kQ\ a is a Yetter-Drinfeld (kG)*-snb module of kQf, denoted by (kQ\ a , 
coad(G, r, ~~p, u)), which is isomorphic to the dual of (kQ\, ad(G, r, ~p ,u)) as Yetter- 
Drinfeld (/cGQ*-modules. 

Therefore we have the dual case of Theorem HI 

Proposition 5.1. Let (G, r, ~~p, u) and (G', r', p' , u') be two RSR's. Then the following 
statements are equivalent: 

(i) RSR(G,r, ~p,u) ^ RSR(G' , r' ,~f/ , u') . 

(ii) There exists a Hopf algebra isomorphism (j) : (kG)* — > (kG 1 )* such that (kQ\ a , 
coad(G, r, ~~p, u)) = t (kQ[ la , coad(G", r', p' , u')) as Yetter-Drinfeld (kG)* -modules. 

(iii) There is a Hopf algebra isomorphism <j) : (kG)* — > (kG')* such that B(kQ\ a , 
coad(G, r, ~~p, u) = ^ B(kQ[ la , coad(G', r', p' , u')) as graded braided Hopf algebras in 

(kcy yu - 

Proof. Obviously, (ii) and Theorem H] (ii) are equivalent; (iii) and Theorem H] (iii) are 
equivalent. □ 
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